In this paper, we characterise the analytic functions <p mapping the open unit disk A into itself whose induced composition operator C^ : f >-¥ f o <p is an isometry on the Bloch space. We show that such functions are either rotations of the identity function or have a factorisation ip = gB where g is a non-vanishing analytic function from A into the closure of A, and B is an infinite Blaschke product whose zeros form a sequence {z n } containing 0 and a subsequence {z nj } satisfying the conditions \9(*nj)\ -> 1, and
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F. Colonna [2] Thus (1 -|2| 2 )|5'(z)| = 1 -|5(z)| 2 , so that (l -|a| 2 In [7] , Xiong gave estimates for the norm of the composition operator on the Bloch space and obtained several necessary conditions for this operator to be isometric (that is, preserving the Bloch norm). He proved the following result (see [7, Lemma 3 In this article, we prove that the answer is affirmative. In section 2, we characterise the class of all functions ip mapping A into itself satisfying the conditions ip(0) = 0 and ||<^||e = 1, thus providing a large class of functions other than the rotations of the identity that are candidates for inducing an isometric composition operator on B. We then give a convergence theorem for Bloch functions that will allow us to prove in section 3 (Theorem 5) that, in fact, every analytic function <p of A into itself mapping 0 to 0 and having unitary Bloch norm induces an isometric composition operator on the Bloch space. We conclude the paper with an example. [3] Isometric composition operators on the Bloch space 285 To better understand the nature of the functions <p described in Theorem 2 which are not conformal automorphisms of A, we recall the definition of Blaschke product (see for example, [5, pp. 54-55] ).
Let {z n } be a sequence in A such that J^(l -\z n \) < oo. A Blaschke product is an analytic function mapping A into itself of the form where the product is taken over the z n ^ 0 and m is the number of terms in the sequence that are equal to 0. If the zero set is finite (respectively, infinite), B is said to be a finite (respectively, infinite) Blaschke product. In the finite case, the number of zeros (counted according to multiplicity) is called the degree of B.
In [3] , we showed that the Bloch semi-norm of every finite Blaschke product of degree greater than 1 is strictly less than 1 and in Theorem 4 we characterised the infinite Blaschke products whose Bloch semi-norm is unitary. More generally, we have 
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The proof uses the same methods used in the proof of Theorem 4 in [3] for the special case of Blaschke products, but we present it here for completeness.
PROOF: Assume ip is not a conformal automorphism of A. By Theorem 2, there exists a sequence of conformal automorphisms {S n } of A such that <p o S n converges uniformly to the identity on compact subsets of A. If there were some positive number r such that for all n sufficiently large, ip o S n had no zero of modulus less than r, then l/(</? o 5 n ) would converge uniformly to the reciprocal of the identity on a compact neighbourhood of zero, which is obviously impossible. Thus, passing to a subsequence, if necessary, we may assume that <p o S n has a zero £, such that the sequence {£"} tends to 0. Let z n -5 n (Cn), which is a zero of (p, and define the sequence of automorphisms T n = S~l o L Zn . Since T n (0) = S~l(z n ) = Q -> 0, passing again to a subsequence if necessary, we may assume that T n (z) -> Xz uniformly on compact subsets of A, where A [4] is some unimodular constant. Thus <poL Zn where g is the non-vanishing analytic function such that tp/g is a Blaschke product.
Assume that P 9 = 1 and tp is not a conformal automorphism of A. We now show that (2) holds for some (necessarily infinite) sequence of zeros of tp and the modulus of the nonvanishing factor of the canonical factorisation of tp approaches 1 along this sequence. By Theorem 3, the zeros of tp form an infinite sequence {z n } such that limsup(l -|z n | 2 )|^>'(z n )| = 1. Thus, there exists a subsequence {z nk } such that Since each factor in the above product is bounded and no greater than 1, there must be a subsequence {z nk ,} of {z nic } such that |<7(z ni .)| -• 1 as j -• oo. By (3), we obtain
Thus f] \( z n k -~ 2 n)/(l -^n fc .2n)| must also converge to 1 as j -> oo, proving (2).
Let us now prove the converse. If <p is a conformal automorphism of A, as observed in the introduction, its semi-norm is 1 and we are done. So assume <p = gB with g nonvanishing analytic function and B Blaschke product with an infinite number of zeros {z n } such that (2) Recall that an infinite sequence {z n } in A is said to be interpolating if for each bounded sequence {w n } in C there exists a bounded analytic function mapping each z n to w n . Carleson [2] proved that an infinite sequence {z n } in A is interpolating if and only if An interpolating sequence {z n } is said to be thin if
As a consequence of Corollary 1 we deduce that the zero set of an analytic function <p of A into itself, not a rotation of the identity, with Bloch semi-norm one must contain a thin sequence, but the full sequence of the zeros of ip need not be interpolating. We now recall a convergence theorem for Bloch functions (see [4, Theorem 11] for details). This result was based on the fact that the Bloch functions are precisely the Lipschitz maps between the Poincare disk and the complex plane under the Euclidean available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700035073 288 F. Colonna [6] distance. Furthermore, the Lipschitz number of a Bloch function / is precisely its Bloch semi-norm fif, that is, We shall use a universal Blaschke product to obtain an example of a function <p, not a rotation of the identity, such that C 9 is an isometry of the Bloch space.
ANALYTIC SELF MAPS OF A INDUCING AN ISOMETRY ON B
In this section, we characterise the analytic self maps of A inducing an isometry on B. In the following lemma, we show that instead of having to test a composition operator on all Bloch functions, it suffices to restrict our attention to the Bloch functions that have 0 as a fixed point. 
